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Abstract:

This study presents a combined algebraic and numerical analysis of the Fibonacci sequence, its prime-
number occurrences, and the Golden Ratio within number-theoretic frameworks. First, we examined
the algebraic structure by solving the characteristic equation @2 = ¢ + 1 in the rings Z[\5] and
Z[(1+\5)/2], demonstrating via Binet's Formula that all Fibonacci terms are integers. Spectral
decomposition of the Fibonacci transition matrix further confirmed that the growth rate converges to ¢
through its eigenvalues. Next, using MAGMA up to n = 1000, we analyzed prime occurrences:
approximately 25% of the first 100 terms are prime, declining below 5% between terms 800 and 1000,
with primes concentrated at indices satisfying n = +1 (mod 6). We then generalized ¢ to Lucas
sequences and broader recurrence relations U_{n+1}=P U_n-Q U_{n-1}, finding that prime-density
depends on the discriminant D=P?-4Q and the associated algebraic ring. These results clarify how
algebraic properties of recurrence relations yield prime distributions and suggest potential applications
in cryptographic systems and information security.
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