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Abstract:  
The purpose of this paper is to introduce and investigate new concepts related to fibrewise topological 
spaces over a base space C. We begin by defining what constitutes a fibrewise topological space and 
examining its key properties. We then address the notions of compactness and compactification within 
this context. In particular, we demonstrate that every fibrewise continuous function from A into any 
fibrewise compact space can be uniquely extended to the largest compactification of A. Several 
additional results concerning fibrewise compactification are also presented and discussed. 
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 الملخص
. Cمفاهيم جديدة تتعلق بالفضاءات الطوبولوجية الليفية على فضاء القاعدة تهدف هذه الورقة البحثية إلى طرح ودراسة 

نبدأ بتعريف ماهية الفضاء الطوبولوجي الليفي ودراسة خصائصه الرئيسية. ثم نتناول مفهومي التماسك والتماسك في هذا 
وسيعها بشكل فريد إلى أكبر إلى أي فضاء ليفي مضغوط يمكن ت Aالسياق. ونوضح تحديدًا أن كل دالة ليفية متصلة من 

 . كما نعرض ونناقش العديد من النتائج الإضافية المتعلقة بالتماسك الليفي.Aتماسك لـ 
 

دمج )تمكيث( الليفي  )التمكيث(دمج ال ،الفضاء التبولوجي الليفي المتراص ،الفضاء التبولوجي الليفي :الكلمات المفتاحية
 .فيةللفضاءات التبولوجية اللي تشيك-ستونال

Introduction 
Fibrewise topological spaces theory, presented in the recent 20 years, as a new branch of mathematics 
developed based on General Topology, Algebraic Topology. It is associated with differential geometry, 
lie groups and dynamical systems theory. From the perspective of category theory, it is in the higher 
category of general topological spaces, so the discussion of new properties and characteristics of the 
variety of fibre topological spaces has more important significance [1]. 
A fibrewise topology describes structures where one considers a collection of spaces or continuous 
maps, each associated with a point from another space, organized continuously as a family. This is 
formalized via a continuous function p: E→B, where E is called the total space and B the base space. 
For each point b in B, the subset E(b)= 𝑃−1(b) forms what is called the fibre over b, and these fibres 
vary in a continuous manner as bb moves through B. 
Thus, a fibrewise topological space over B is a set equipped with a topology and a projection map p that 
is continuous, so that the collection of all fibres (the pre-images of points in B) can be regarded as 

https://najsp.com/index.php/home/index
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a parameterized family of spaces, with the structure depending smoothly or continuously on the base 
point. 

Preliminaries: 
 This section used the references [3], [4], [5] and [6]. 

Definition: - Let A and B are frbrewise sets over a base space C, with projection pa: A →C and pb B →  

C, respectively, a map φ: A→ B is said to be fibrewise function if paoφ = pa, in other words. 

 

 

Figure 1: Fibrewise function. 
if φ( Ac) ⊆ Bc for all Point c of C. 

such that a fibrewise map φ: A → B over a base C Induces a fibrewise map by applying a restriction. 

φC∗: AC∗ →  BC∗ over a base C* for all C* of C. 
Definition: - Consider a topological space C and a fibrewise set AA over the base C. A fibrewise 
topological space on A is defined as any topology on A for which the projection map φ: A→C is 
continuous.  In other words, the topology on AA must be such that the structure map φφ respects the 
topology of the base space C by being continuous 
Definition: - Let U be a subset of a fibrewise topological space A over a base space C. Then U is called 
afibrewise dense subset of A over C if one of the following equivalent conditions holds: 
1.For every c∈ C, the smallest fibrewise closed subset of Ac, that contains U∩ Ac  is Ac itself. 
2. The closure of U in A is equal to A. That is clA U= A.  
3. The interior of the complement of U is empty. That is, int A (A/U) =∅. 

4. Every point in Ac, where c ϵC either belongs to U. 
5. for each aϵ Ac, where c ϵ C, every neighborhood Vc of a intersects U; that is Vc ∩  U ≠Ø, c ϵ C. 

6. A intersects every non-empty open subset of Ac, where c ϵ C  
Definition: - The fibrewise function φ: A→B, where A and B are fibrewise topological spaces over a 
base C, is defined as follows: 
a. φ is fibrewise continuous if, for each a∈Ac with c∈C, the inverse image φ−1(U) of every open 

set U⊆B containing φ(a) is an open set in Ac. 

b. φ is fibrewise open (respectively, fibrewise closed) if, for each a∈Ac with c∈C, the image of every 
open (respectively closed) set U⊆Ac containing a is an open (respectively closed) 

set V⊆Bc containing φ(a). 
Definition: - A fibrewise topological space A over a base C is called fibrewise 
closed (respectively, fibrewise open) if the projection map ρ: A→C is a closed map (respectively, 
an open map). 
Definition: - (Embedding):  A function f:(A, τ ) →(B,𝜏∗) is called an embedding if it satisfies the following 
properties: 

▪ Injective (one-to-one), 
▪ Continuous, and 
▪ Open onto its image (i.e., it is an open map when considered as a function onto the 

subspace f(A)⊆B. 
More precisely, an embedding is an injective continuous map that induces a homeomorphism 
between A and its image f(A) endowed with the subspace topology inherited from (B,𝜏∗) 

Definition: - A map h: (A,τ) → (B,τ∗)  is a map homeomorphism (topological mapping) if h is one- to -
one, onto, and h, ℎ−1 are continuous. 
 
 Definition: - Let 𝐴∗ be a fibrewise topological space over a base C and let A⊆𝐴∗ be a subspace of A∗. 
The fibrewise map: 
                                                                      λa: A→ 𝐴∗, λa (a) = a, 
is called a fibrewise embedding if it is fibrewise continuous and, for every open set F⊆𝐴∗, the preimage 
satisfies. 
                                                                       𝜆𝑎−1(F) = A∩F, 
where, the set A∩F is open in A. 
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Consequently, the subspace A is said to be fibrewise open (respectively, fibrewise closed) if and only 
if the fibrewise subspace A is fibrewise open (respectively, fibrewise closed) in 𝐴∗. 
 
Definition: - Let {(Aα, 𝜏α)} α∈Λ {(Aα, 𝜏α)} α∈Λ be a family of fibrewise topological spaces over a 
common base space C. Then the fibrewise product. 
                                      A=∏α∈ΛAα 
is defined as the fibrewise space over C equipped with the family of fibrewise projection maps 
                                           πα: A→Aα 
where each πα maps a point in the product to its α-th component. 
         pαo πα :  ∏αϵ∧ Aα → C. Where πα:  ∏αϵ∧ Aα  →  Aα   is the α – the projection of Aα.  
This definition generalizes the usual product topology to the fibrewise setting and aligns with the 
standard notion found in fibrewise topology literature. 
 
Definition: - Let (A,𝜏) be a fibrewise topological space over a base set C. The space A is said to be 

a fibrewise Hausdorff (T₂) space if, for each point c in C, the fibre Ac is a Hausdorff space. More 
precisely, for any two distinct elements a1,a2∈Ac, with a1a1 ≠ a2, there exist open sets w1 and w2  in Ac 

such that a1∈ w1,a2 ∈ w2, and w1∩w2=∅. 
  

 
Figure 2: Fibrewise Hausdorff (𝑇2). 

 
Definition: - Let (A,τ) be a fibrewise topological space over a base set C. Then (A,τ) is called 
a fibrewise 𝑻

𝟑
𝟏

𝟐

   space if and only if it is both fibrewise completely regular and fibrewise T1. That is, for 

every point c∈C, the fibre (Ac,𝜏c) is a completely regular T1 topological space. 
 

 
Figure 3: Fibrewise (𝑇

3
1

2

). 

 
Fibrewise Compact Spaces:  
Definition: - A fibrewise compact space over a base C is a fibrewse space in which for each open cover 
of the space contains a finite subcover. 
Definition: - A map α: A→B is called proper if it satisfies the following conditions: 

▪ α is a continuous function, 
▪ α is a closed map (i.e., the image of every closed set in A is closed in B), 
▪ For every point b∈B, the preimage 𝛼−1(b) is a compact subset of A. 

 
Definition: - The fibrewise topological space A over a base C is called fibrewise compact if the 
protection P is proper. 
Proposition: - A fibrewise topological space (A,τ) over a base space C is said to be fibrewise 
compact if and only if two conditions are met: first, the subset A is fibrewise closed in the total space, 
and second, each fibre Ac=𝜑−1(c) for every c∈Cis a compact topological space.  
This means that compactness is preserved on each fibre individually, while the entire set A remains 
suitably closed with respect to the fibrewise structure. 
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proof/  ⇒let A be a fibrewise compact space, then the projection p: A→ C is proper function i-e, p is 
closed and for each cϵC, Ac is compact. 
Hence A is fibrewise closed and every fibre of A is compact. 
⇐let A be fibrewise closed and every fibre Ac is compact, then the projection p:  A→C is closed and it is 

clear that p is continuous, also for each c ϵ C, Ac is compact. Hence A is fibrewise compact. 
Theorem: - let A and B are fibrewise topological spaces over a base C, such A be a fibrewise compact 
space over a base C, and h: A →B fibrewise continuous, surjection maping A onto B. Then B is fibrewise 
compact space over a base C. 
Proof let V an open cover of B. Use the continuity of h to bull is back to an open cover of A. Use 
compactness to extract a finite subcover for A, and then use the fact that h is onto to reconstruct a finite 
subcover for B. 
Gorollary: - 3.6 Let (A,τ) be a fibrewise compact space over a base C, B is fibrewise space over a base 

C, and h: A→ B a fibrewise continuous maping. The image h(a) of A in B is a fibrewise compact space 
over a base C of B. 
proposition: - let (A, τ) be a compact fibrewise topological space over a base C, and let (B, δ) be a 
housdorff fibrewise topological space over a base C. Then any fibrewise continuous maping, bijection 
maping h: A→ B is a homeomorphism. 

proof/ Since h: A→ B is fibrewise continuous maping, bijection maping  
then h is open, or equivalently closed. So, let F ⊆ Ac, where c ∈ C be a closed set, then F is compact 
set in Ac, and therefore h (F) is compact, so we have that h(F) is closed. Thus, h is a homeomorphism.  
Proposition:  
The fibrewise topological product 
                                                                          A=∏ βAr 
is fibrewise compact if each Ar is fibrewise compact over a base C for all r∈R. 
 Proof: By considering the finite case, for finite products, a direct and concise argument suffices. 
Consequently, Given A and B be fibrewise topological spaces over a base C. If A pxidy: A ac B CAPB 
= B is proper. If b is fibrewise compact as well, then so is A ac B. The result extends similarly to finite 
coproducts. 
Fibrewise Compactifications: - 
This section explores and examines several new concepts: 
Definition: - let (A, τ) and (B, δ) are fibrewise topological spaces over a base C, a fibrewise compact 

space (B, δ)  is a fibrewise compactification of a fibrewise space  (A, τ) iff there exist a mapping h of  A 
into B such that h is homeomorphism of A onto the subspace h(a) of B and h(a) is fibrewise dense set 
in B. 

 
Figure 4: Fibrewise Compactification. 

 
Definition: - Afibrewise compactification of (A, P) is atriple (B, Q,q), where (B, 𝛿) is fibrewise compact 

space over a base C, q: B →C a continuous proper map and Q :  A → B  a homeomorphism into an 
open dense subset of B  such that p = q o Q .    
Example: - let A = R with the usual topology and C =R with the usual topology, P: A → C define by  p(a) 

= a², then (A, τ ) is fibrewise topological space over a base C, and   Ac  = { 
{−√c ,  √c }    if c > 0

{o}                   if c = o 
 ∅                    if c < o   

 

if c > 0 , Ac = {−√c ,  √c } is nontrivial subspace and the subspace is discrete subspace of A, and let B 

= (N, δ ) ; δ = {N, ∅ . E*, C+}.  
defined by identity map over a base C, then (B, δ) is fibrewise topological space over a base C, and is 

fibreswise compact space, and if h: (A, τ)  → (B, δ)  such that h is contant map, then (B, δ) is fibrewise 

compactification of fibrewise (A, τ) over a base C.   
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proposition: - let A be a fibrewise topological space over a base C. If there exists an embedding J: A 
→ B such that B is a fibrewise compact hausdorff space over a base C, then there exists an embedding 
J1: A → Z such that Z is a compact hausdorff and J1 (a) = Z. 

proof / If J: A → B embedding, such B is fibrewrise compact hausdorff. Then Z= 𝑗(𝑎) ⊆ 𝐵 ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  j1: A → 𝜏    ia  
→j(a)  ⇒    j1(a) is dense set. 
Corollary: - let A be afibrewise topological space. The following conditions are equivalents: 
1/ There exists a fiberwise compactification of A. 
2 / There exists a fibrewise embedding J: A → B   where B is a fibrewise compat hausdorff space. 
proof/ Follows from proposition (3-4) 

Theorem: - 4.6 A fibrewise space A has a compactification iff A is fibrewise regular (i-e) is a T3
1

2
 space. 

proof/ ⇒   let ƒ: A → B compactification. of A, B is fibrewise compact hausdorff, then B is normal (T4), 

B is T3
1

2
, then ƒ(a)  ⊆ B is T3

1

2
, ƒ(a) ≅ A is T3

1

2
. 

⇐ 1) {ƒ:  A →  [0, 1]} separated points from closed sets, F⊆A (closed),   a 𝜖  A/F, there is ƒ: A → [0, 1] 

such F→0 ,  a→f(a)  >0  

2)  such family defines embedding J: A →  𝜋𝑖𝜖𝐼 [0,1], a → ( f (a)) 𝑖𝜖𝑧  
Note: let K(a) is family of all continuous functions. ƒ: A →  [0, 1], A is completely regular, then K(a) 

separated points from closed sets, then there is an embedding Ja:  A →  𝜋𝑓𝜖𝑘(𝑥) [0,1] is compact 

hausdarff,  
 a𝜖(f(a)) 𝑓𝜖𝑘(𝑥),  Up shat; we have a compactification. 

Definition: - Suppose (B2, p2), (B1, p1), one fibrewise compactification of fibrewise A over a base C. 
We say that (B2, p2) ≥  (B1, p1) if there exists fibrewise continuous function ƒ: B2 → B1 
such that ƒop2 = p1 where A1, B1, and B2 are fibrewise spaces over a base C. 
 

 
Figure 5: (B2, p2) ≥  (B1, p1).  

 
The Stone-Cech Compactification:  
This section discusses some concepts and properties of the largest compactification of fibrewise 
topological space over a base C. 
Definition: - let A be any fibrewise topological space over a base C, then the Largest compactification 
of A is called the stone cech- compactification and is denoted by 𝛽A.  
In other words, for a fibrewise Tychnoff space A over a base C, there is a unique (up to equivalence) 
compactification that in some sense all Continuous maps from A into all fibrewise compact hausdorff 
Space. This is called the stone cech- compactification. 
Theorem: - If every Tychonoff fibrewise space A has of a largest compactification 𝜷A, then any 
product of fibrewise compact housdorff spores over a base C is fibrewise compact space over a base 
C. 
proof/ Suppose {𝐴𝛼}𝛼𝜖∧is a family of fibrewise compact T2- space over a base C. Since 𝜋𝛼𝜖∧ 𝐴𝛼 is 

Tychonoff and it has a compactification 𝛽 (𝜋𝛼𝜖∧ 𝐴𝛼), such 𝛼 the projcation map 𝜋𝛼 can be extended to  

𝜋𝜋
𝛽
: 𝛽(𝜋𝛼𝜖∧ 𝐴𝛼)  → 𝐴𝛼  

for a 𝜖 𝛽(𝜋𝛼𝜖∧ 𝐴𝛼)  apoint ƒ (a) 𝜖 A with coordinates 

ƒ(a)( 𝛼) = 𝜋𝜋
𝛽
 ; ƒ :  (𝜋𝛼𝜖∧ 𝐴𝛼)  →  𝜋𝛼𝜖∧ 𝐴𝛼 
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Figure 6: Fibrewise Product. 

 

then ƒ is a continuous. If a  𝜖  𝜋𝛼𝜖∧ 𝐴𝛼 ⊆ 𝛽 (𝜋𝛼𝜖∧ 𝐴𝛼)  then ƒ(a)( α) = 𝜋𝜋
𝛽
(a) = 𝜋𝛼(a) = a(𝛼 ) = 𝑎𝛼 for each  

𝛼 , so ƒ(a) = a . Therefore 𝜋𝛼𝜖∧ 𝐴𝛼 is continuous image of the compact space 𝛽(𝜋𝛼𝜖∧ 𝐴𝛼)  . Thus 𝜋𝛼𝜖∧ 

𝐴𝛼 is fibrewise compact over a base C. 
Theorem: Suppose B1, and B2 one fibrewise compactification of A over a base C, where the 
embeddings are the identity maps.   Then (B1, i) ≅ (B2, i)   if for every pair of disjoint closed sets in A, 

clb1 U ∩ clb1 V= ∅ ⟺ cl b2 U ∩ clb2 V= ∅ . 

Proof/ ⇒ If (B1, i) ≅ (B2, i), it is clear that clb1 U ∩ clb1 V = ∅ ⟺ cl b2 U ∩ clb2 V = ∅. 
⇐ If clb1 U ∩ clb1 V = ∅ ⟺ cl b2 U ∩ clb2 V = ∅ then the identity maps i1: A→ B1 and   i2:  A→ B2 can be 

extended to   maps ƒ1: B2→ B1 and ƒ2: B1 → B2. That is clear ƒ1o ƒ2/a and ƒ2o ƒ1/a are identity maps on 
the dense subspace A. Therefore, ƒ1oƒ2 and ƒ2oƒ1 are each the identity everywhere. Thus ƒ1, ƒ2 are 
homoemorphism. So (B1, i) ≅ (B2, i). 
Lemma: - If π:  A → B is a fibrewise surjection between fibrewise Tychonoff spaces A and B, the map 

𝛽𝜋:  𝛽A → 𝛽B is also surjective. 

proof/ Consider a surjection of Tychonoff spaces, π: A→ B from the compactness of  𝛽A, we have the 
image of 𝛽π compact, hence closed. But the image of 𝛽π continuous 𝛽, a dense subset of 𝛽b; so, the 

image must cancide with 𝛽b.  

Remark: - If A is a fibrewise Tychonoff space over a base C, then the map from A to its image in 𝛽A is 
a homeomorphism, so A can be thought of as a (dense) subspace of 𝛽A. 

 proposition: - let {( A∝ , pa): a 𝜖 ∧} be a collection of fibrewise spaces. 
1/ If each pa is Ti (i = 0,1,2) then the product p is also Ti (i,0,1,2) 

2/ If each pa is a surjective T3
1

2
 map, then the product p is also a T3

1

2
  map. 

3/ If each  P∝    is a compact map, the product p is a compact map. 
From above Remark and proposition we write the following results. 
Results: - let a∝, be a fibrewise compact hausdorff space over a base C for each ∝ ∈∧ , then 

1/ If A∝ be a fibrewise Tychonoff space over a base C for each ∝ ∈∧ , then πA∝, is a ston Cech- 
compactification 𝛽A of A∝ with fibrewise continuous map, and so the map is homeomorphism 

2/  πA∝ is stone Cech -compactification 𝛽A, with any fibrewise continuous function. 
Conclusion 
     In this paper, we have explored the concept of fibrewise topological spaces, their compactness, and 
compactifications, emphasizing the Stone-Čech compactification as the largest fibrewise 
compactification. Our results demonstrate that every fibrewise continuous function extends uniquely to 
the Stone-Čech compactification, highlighting its significance in the theory. These findings contribute to 
a deeper understanding of fibrewise topology and its applications. 
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