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Abstract:

The SOR is a basic iterative method for solution of the linear systemAx = b. Such systems can easily
be solved using direct methods such as Gaussian elimination. However, when the coefficient matrix
Ais large and sparse iterative methods such as the SOR become indispensable. New preconditioned
for speeding up the convergence of the SOR iterative method for solving the linear system Ax = b is
proposed. Arising from the preconditioned Two forms of the new preconditioned iterative techniques of
the SOR method are developed. The preconditioned iterations are applied to the linear system whose
coefficient matrix is an M-matrix. Convergence of the preconditioned iterations is established through
standard procedures. Numerical examples and results comparison are conformity with the analytic
results. More so, it is established that the spectral radii of the proposed preconditioned Ty, and Tpsprz
are less than that of the classical SOR, which implies faster convergences.
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Introduction
Finding solution of the linear system:
Ax=b (1)
where A = [a;;] is an n X n real nonsingular matrix of known values called the coefficient matrix of the
system, b = [b;;] is an n X 1 real vector of known values and x = [x;] is the n x 1 vector of unknowns,
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let M, be the set of all n x n matrices, R™ be the set of all n x 1 real vectors and let x* € R" denote the
unique solution of (1).
In constructing Stationary Iterative Methods for the solution of the Linear System (1). The basic idea is
to split the coefficient matrix A € M, as following.

A=M-—-N 2)
where M, N are nonsingular matrices. So, the linear system Ax = b is equivalent to the
linear system (M — N)x = bor Mx = Nx + b or

x=M1INx+M1h 3)
Then, given x(© € R™ equation (3) suggests the iterative method
x**D) = M~INx* + M~'h k=0,1,2,.... 4)

where, T = M~1N is the iteration matrix and ¢ = M~1b Different choices of M and N

lead to different stationary iterative methods.

Remark: For the coefficient matrix A € M, of the linear system Ax = b , author consider splitting of the
form A = D — L — U. Under the assumption that D is nonsingular, author has given Jacobi, Gauss-Seidel
and SOR iteration matrices T;,T; and, Tsog by

T, =D Y(L+U),Tg =(D—L)'U and Tsog = (D — wL)*[(1 — w)D + wU]. Since D

is nonsingular, without loss of generality.

known as the Successive Over Relaxation (SOR) Method. It is clear that it can be performed whenever
D is nonsingular. Notice that w = 1 gives the Gauss-Seidel method.

Theorem 1([1] pp457): For any x(® € R™, the sequence {x(")}:):Odefined by:

x® =Tx*Vy+c , k=012... (5)

Converges to the unique solution of x = Tx + c if and only if the spectral radius p(T) < 1.
So, p(T) being the spectral radius of the iteration matrix of a convergent stationary iterative method for
Ax = b. Author has seen that the Jacobi, Gauss-Seidel and SOR iterative techniques can be written
as,

x® = Tx®D ¢ x® = Tpx®=D 4 ¢

x(k) = TSORx(k_l) + Csor
using the matrices
T,=D"Y(L+U) and T; = (D —L)™*U
Tsor = (D — wL) (1 — @)D + wU]

If p(Tg) < 1 or p(T;) < 1, p(Tsor) < 1 then the corresponding sequence {x(k)}:;owi” converge to

the solution x of Ax = b . For example, the Jacobi scheme has
x® =D YL +U) x* D+ D 1p

and, if {x®}"_ Converges to x, then

x=DYL+U) x+D b
This implies that

Dx=(L+U)x+b and (D—-L—-U)x=0b

Since D — L — U = A, the solution x satisfies Ax = b:
First, author introduces some classes of matrices for which the preconditioning is applied
Definition 1 ([2] pp542): Ann X n matrix A = [a;; ] is called strictly diagonally
dominant (SCDD), ifforalli = 1,2,.....n,

n

la;;| > Z|aij| (6)

j=1

J#i
Definition 2 ([3] M. Usui): Let A = [a;; ] be an n x n matrix. The matrix A is a
Z-matrix if a;; <0, i,j = 1,2,....n,i # j. itis an L-matrix if a;; > 0;i = 1,2,....n,and
a;; <O0foralli,j = 1,2,....n,i # j, and itis an M-matrix if A has the form A = r] — K,
where K = 0 and r = p(K).
Definition 3 ([6] A. Hadjidimos): For any A4 is a matrix in R™*"™ be an M-matrix
ifand only ifa;; <0, i #j = 1,2,....n, then A is nonsingular and A™* > 0.
New Preconditioned Linear Systems
The importance of the spectral radius, in case of convergence is clear from the last. Theorem (1).
Roughly speaking, the smaller the spectral radius, the faster the convergence of the iterative method.
Author can transform it to the equivalent preconditioned linear system:

PAx = Pb
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Or Ax = b where the preconditioned P € M, is nonsingular, A = PA and b = Pb. So, author need
to construct the preconditioned P in such a way that p(T) < p(T) < 1, and hence, to achieve a faster
convergence to the unique solution x*, or equivalently, a reduction in the number of iterations. Author
proposes a new preconditioned P of the form:

rl1 0 .. 0 0 O o 0 07
01 .. 0 0 O . 0 0
0 0 100 .. 00
P=lw w w 1l w ... w w ™
0 O 0 0 1 0 0
0o 0 .. 0 0O . 1 0
L0 O 0 0 O . 0 1

where w is the parameter that will be determined and it is taking place at the m-th row. Notice that due
to the structure of the preconditioning matrix P, the coefficient matrix A of the linear system Ax = b and
the coefficient matrix PA of the preconditioned linear system PAx = Pb differs only at the m-th row. For
that reason, in the forthcoming discussions author shall consider only the m-th rows of the coefficient
matrices A and PA.
Note that the preconditioned matrix P = (I + Pw) is more general than that in (7). Than
(I + Pw)Ax = Pb
A=+ Pw)I-L-V)
=I-L-U+P,—P,L—P,U

=1-L-U—-Lp—Up+D, =L — U,

Where P, = —-Lp — Up and —P,L — B,U =D, — L, — U, , Therefore:
A=U+D)—L+Lp+L)—U+Up+Uy)
or equivalently
A=D-1-0
Where D = (I + D,) is the diagonal, L = (L + Lp + L) and U = (U + Up + U)
are strictly lower and strictly upper triangular parts of A respectively. The application of Over Relaxation
Parameter w to the preconditioned linear system (7) author obtained:
wAx = wb

Where:

=D wD — wl — 0l
=(D-wl)-(1-w)D -l

wA=(D—-wl)-[1-wD + wl]

The similarly typel, the splitting for the preconditioned coefficient matrix w4 = M — N
Where M = (D —wL) and N = (1—w)D + wU. Hence, the following preconditioned SOR iterative
scheme is defined as:
wAx = wb
[(5 —wl)-[1-w)D+ wU]] x = wb
(M —N)x = wb
x = M~Nx + M~ (wb)

Author can say

x*+D =T, x® + ¢ (8)
Where Tpg,, = M™IN = (D — wZ)_l[(l — w)D + wU], be the Type-1 for the new preconditioned SOR
iteration matrix and ¢ = M~*(wb). Different choices of M and N lead to different stationary iterative
methods and 0 < w < 1. Another way author can apply of Over Relaxation Parameter w to the

preconditioned linear system (7) with change in the splitting of wA =M — N.
Where:

wA=w(D-L-10)
= wd—D;) — wl — 0l
=l-wlL-I1+wl+D,)—wl
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= (I—a)z)—1+a)1+a)D1—a)l7
=(I-wl)-1-wl-w(l-D)

Thus

wA=(I-wl)-[(1-wI+w(T-D)]
the splitting for the preconditioned coefficient matrix wA = M — N Where M = (1 - wZ)
and N = [(1 — w)I + w(T — D;)]. Hence, the following preconditioned SOR iterative scheme is defined
as:

wAx = wb
[(1 — a)Z) — [(1 —w)l + a)(U - Dl)]] x = wh
(M - N)x = wb
x = M~'Nx + M~ (wb)

Author obtained:

x 0D = TPsorzx(k) tc 9

where, Tpgpr, = M7IN = (I — wZ)_l[(l — w)I + w(U — D;)] The Type-2 for the new preconditioned SOR
iteration matrix and ¢ = M~'(wb). Different choices of M and N lead to different stationary iterative
methods and 0 < w < 1.

Convergence Analysis

Convergence of the new preconditioned iterative schemes (8) (9) are established by showing that the
spectral radius of the Tpy,, and Ty, are less than 1 in each case.

Lemma 1 ([4] varga): For any A is an irreducible n X n matrix such that A > 0,then

1- A has a positive real eigenvalue that is equal to its spectral radius.

2- There exists a corresponding eigenvector x > 0, for the eigenvalue

3- The spectral radiusp(A) increases if any entry of A increases.

4-The spectral radius p(4) is a simple eigenvalue of A.

Lemma 2 ([5] Li and sun): Let T = M~1N be an M, N are splitting of A,Then the splitting is convergent,
that mean p(M~1N) < 1, if and only if 4 is a nonsingular M-matrix.

Theorem 2 ([9] pp290): Let A is symmetric positive definite, then p(Tps,) < 1for all relaxation
parameters intherange 0 < w < 1,50 SOR converges forall0 < w < 1.when author consider w =
1 it becomes evident that the Gauss-Seidel method similarly exhibited converges.

Theorem 3 ([8] pp150): Let w € R, author has

p(TPsor) < |1 - wl

Proof: when taking the determinant of matrix Ty, author gotten:
det(Tp,,) = det [(5 - wZ)_l[(l —w)D + wU]]

= det [(5 - wZ)_l] .det[(1 — w)D + wU]

Since the matrices here are triangular, their determinants are equal to the product of their diagonal
entries, so author has det(Tpsor) = (1 — w)™. The determinant of Tp,,, is also equal to the product of its
eigenvalues, and it follows that at least 1 of the n eigenvalues must have absolute value greater than
or equal to|1 — wl|.
Theorem 4 ([7] A. Ndanuse): Let Tsor = (I — wL) 1 [(1 — w)I + wU] be the
SOR iteration matrix while Tpepr = (D — L) [(1 — w)D + 0] and Tpgpy, = (I — wL) ™ [(1 — w)I +
w(U — D,)] are the the preconditioned SOR iteration matrices. if 4 is an irreducible M-matrix with the
conditions 0 < aqy;a;1 + ;4141 <1,i=2,3,.....n and 0 < w < 1 then Tspr , Tpsor AN Tpgor, are
irreducible and nonnegative matrices.
Proof: From Ais an M-matrix, L. = 0and U = 0. Then,

(I-wL)™ =1+ oL+ w?l*...... + ™ >0

1-w)l+wlU=>0
For0 < w < 1, Thus Tspg = (I — wL) "} [(1 — w)I + wU] = 0 Hence, Tso iS @ NoNnegative matrix.
Corollary 1 ([7] A. Ndanuse): Let T; = (1 — L)"'U be the Gauss-Seidel iteration

matrix and Tp = (D — Z)_lﬁ be the preconditioned Gauss-Seidel iteration matrix. If A is an irreducible
M-matrix with 0 < a, ;a;; + ;410541 <1,i=2,3,.....n Than

1- p(Tpe) < p(Tg), if p(Te) < 1.

2- p(Tpg) = p(T¢), if p(Te) =1

3-p(Tee) > p(T¢), if p(Te) >1
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Numerical Results
In This part. author compares preconditioned SOR methods for the following the problems.
Example 1: let us consider the matrix A of the form
1 -01 -02 -03
-04 1 -05 -0.1
-03 -02 1 -01
-0.2 —-01 -03 1

A=

In this Example: author uses new preconditioning of SCDD, M-matrix whit change rows in every
case and compares the spectral radiuses for Tg, T; and Ty, Iterative matrices. The results are given
in Tablel for preconditioning Iterative matrices (single row and all rows) T; are gives better results,
Than the new preconditioned SOR methods

Table 1: Result of the spectral radiuses of T, T; and Tpgor--
row T, T, Tpsor
wy 0.32356 | 0.59496 | 0.94323
w, 0.38801 | 0.63334 | 0.96214
Wy 0.31356 | 0.5744 | 0.95608
A 0.3782 0.62604 | 0.96136
All w 0.1412 0.42441 | 0.94121

Example 2: the same coefficient matrix A in Example 1.

In this Example author compares the spectral radiuses for, Ty, Tpsor and Tpgorot fOr some values of
relaxation parameter 0 < w < 1. Itrevealsthatthe Tpg,, , Tpsorzare faster convergence than T, The
results were as follows in Table 2.

Table 2: Result of the spectral radiuses of Ty,,, Tpsor aNd Tpgora

w TﬂLT TPsm' TPsm'Z
0.1 0.96562 | 0.94293 | 0.94124
0.3 0.88818 | 0.81289 | 0.81288
0.5 0.79590 | 0.66802 | 0.66802
0.7 0.68199 | 0.49918 | 0.49919
0.9 0.53202 | 0.28804 | 0.28804

Corollary 2: Let Ty, = (I — wL) (1 —w)] + wU] be the SOR iteration matrix and Tpsyr, =

(I — L) '[(1 = ) + w(T - ;)] be the preconditioned SOR iteration matrix. If A is an irreducible M-
matrix with 0 < ay ;0,1 + a;;410;41; < 1,i =2,3,....n Than

1- p(TPsorz) < p(Tsor)r if p(Tsor) <L

2- p(Tpsorz) = P(Tsor), if p(Tsor) = 1.

3- p(TPsorZ) > p(Tsor): if p(Tsor) >1.

Conclusions

In this work, author has introduced new preconditioned for SOR method for the solution of Linear
System Ax = b. Author used two different forms of the new preconditioned Ty, ,Tpsor2 TYPES iterations
are for the preconditioned. Author has proven that the spectral radius of the iteration matrix of
preconditioned Tp,,,» method is smaller than that of the classical T, method, if the relaxation parameter
0 < w < 1 . author concludes that the new preconditioned SOR methods is faster convergence
properties than the classical SOR.

References

[1] R.L. Burden, J. D. Faires, Numerical Analysis Ninth Edition, Brooks/Cole, 2011.

[2] J.Stoer, R. Bulirsch, Introduction to Numerical Analysis, Springer-Verlag, 1980.

[3] M. Usui, H. Niki, T. Kohno, Adaptive Gauss-Seidel method for Linear systems, Interm. J. Computer
Math,.1994, (31): pp. 119-125.

[4] Richard S. Varga, Matrix Iterative Analysis, 2nd ed., Prentice-Hall, Englewood Cliffs, New Jersey,
USA, 1981.

[5] Wen Li, Weiwei Sun, Modified Gauss- Seidel Type Methods and Jacobi Type Methods for Z-
matrices, Elsevier Science, Linear Algebra and its Applications, 2000, no.317, pp.227-240,

[6] A. Hadjidimos, Successive Over relaxation (SOR) and Related Methods, Journal Computational and
Applied Mathematics, 2000, (123): pp 177-199

103 | The North African Journal of Scientific Publishing (NAJSP)



[7]1 A. Ndanusa, K. R. Adeboye, Preconditioned SOR Iterative Methods for L-matrices, American Journal
Computational and Applied Mathematics 2012, 2(6): pp.300-305.

[8] Anne Greenbaum, Iterative Methods for Solving Linear Systems, Society for Industrial and Applied
Mathematics, Philadelphia 1997.

[9] James W. Demmel, Applied Numerical Linear Algebra Society for Industrial and Applied
Mathematics, Philadelphia 1997.

104 | The North African Journal of Scientific Publishing (NAJSP)



