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Abstract:

Fractional calculus has extended the classical notions of differentiation and integration to non-integer
orders and has become an important tool in many areas of mathematics and applied sciences. Among
the modern formulations of fractional operator, The Katugampola fractional derivative provides a unified
framework that generalizes several classical fractional derivatives, including the Riemann-Liouville and
Hadamard types. In this paper, we review the definitions and some fundamental properties of The
Katugampola fractional derivative. We also revisit fractional versions of classical results from differential
calculus, particularly Rolle’s theorem and the Mean Value Theorem, within the framework of The
Katugampola fractional operator. Furthermore, we present and discuss a general form of Rolle's
theorem in this context. An illustrative example is provided to demonstrate the applicability of this result.

Keywords: Rolle's theorem, Katugampola Fractional, Fractional Derivatives, Mean Value Theorem.
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Introduction:

Fractional calculus is a rapidly developing branch of mathematics analysis that extends the classical
concepts of differentiation and integration to non-integer orders. This generalization has proven useful
in modeling complex phenomena across various scientific and engineering disciplines, where standard
integer-order calculus may fail to capture memory effects or hereditary properties of dynamic systems.
Over the last few decades, numerous definitions of fractional derivatives have been proposed, each
with distinct properties and applications [1-4].

Among these, The Katugampola fractional derivatives, introduced by Udita N. Katugampola in 2011
[5-9], has attracted significant attention due to its ability to unify several classical fractional derivatives,
including the Riemann-Liouville and Hadamard derivatives. This operator offers a flexible framework
that preserves many important analytical properties, making it suitable for both theoretical investigations
and applied problems.

Classical results from differential calculus, such as Rolle’s theorem and the Mean Value Theorem,
play a central role in analysis and its applications. Fractional analogues of these theorems have been
established in the literature using various fractional operators, including the Katugampola derivatives.
These generalizations extend the notion of a derivative to non-integer order while maintaining key
properties of classical calculus.

In this paper, we review the definition and fundamental properties of the Katugampola fractional
derivative and revisit known fractional versions of Rolle’s theorem and the Mean Value Theorem. We
also discuss a general form of Rolle’s theorem in this fractional context and provide an illustrative
example to demonstrate its applicability. Our goal is to clarify the theoretical framework and highlight
the relevance of these results for further study in fractional calculus.

Types of Fractional Derivatives:
1. Riemann-Liouville Fractional Derivative [4].

n 0

Df(x) =7 x—)"*lf)dt,n—1<a<n

eS|
(n—=1)dx"J,
Remark:
One can easily see that the above definition doesn't give zero for constant functions.
2. Caputo Fractional Derivative [7].

10
-1
rn—a), (x_t)n—a—1dt' n <a<n

D*f(x) =
d"f(x)
dx™ ’
The above definition doesnt satisfy many standard properties such as the rule of multiplication, and
the chain rule, so Khalil and others introduced the concept of conformable fractional derivative.
3. Definition [10][11]. If f:[0,%) — R, the conformable fractional derivative to fof order «a is defined
as follows:

a=n

D*f(t) =16138f(t+6t ;a)_f(t), vt>0,a € (0,1)

Katugampola extended Khalil's definition and then named after him.
4. Definition [6][3]. Let a« € (n,n + 1), n € N, and fis a differentiable function on its domain and a > 0.

he fractional derivative of order a is defined as follows:

f@(te™™) = F™ (@)

€

DEf(t) = lin&
vVt >0,a€ (nn+1),if the limit exists.
Theorem [4] [6]: If f: (a,+) - R is a Katugampola fractional function and differentiable at x = a > 0,

with a € (0,1), then f is continuous at x = a.
Proof. If f:[0,0)—R we define the applied fractional derivative f from the order a as follows;
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1-a) _
D*f(t) = limﬁof(H_ 4 - ) f(t),Vt >0,a € (0,1)

If fis differentiable of o times for some a € (0,a), a > 0 and lim,_,of*(t) exists then:

f0) = limeo f*(t)

Therefore, f is continuous at x = a.
Theorem [6]: Let @ € (0,1] and let the functions f and g satisfy the conditions for the fractional derivative
atx =a,t>0. Then:
1. D%[af + bg] = aD*(f) + bD%(g), a,bER
De(t™) =nt"™% mneR
D*()=0, c€eR
o s

a _ gb*(f)-fp%g
D (5) B g°
D*(fog) =f"(9(®)g'(®)
- pe(f) =t ()
Proof

1. D%[af + bg] =

N o bk

(af+bg)( ")~ (af+bg)(®)
0

im af(tessra) +bg(ter™) — af (t) — bg(t)

e-0

:a.limw+b.li

£-0 & &£-0

—g(“ )=90 _ ipeiy 4 0%(0)

n,net™%_.n (tenst_a)n tn
. t"e -t . -
2. D*(t"™) = lim = lim
&£-0 € £-0 €
n2¢2;-20

net™%_ 1+net ™%+
= t"]im 2 L= t”lim[
22,24 4 &0 ¢
neegt”
= t"lim = t"lim [nt™* +
&e-0 e -0
=t"nt™* =nt"*

+net™* + n2et =2

2!

> D%(c) = limES =0
-0 €
et~ et *\ _

4. D%(fg) = llmf (ke )g(fe )-rg® _

f(tes ") g(te™) - f(t)g(te“ “)+f(t)g(te“ V-f®g®

= lim

&£-0

= hmg (tegt ) lim M f (test 0‘) lim M _
-0 8—’3 € 5_,0 €
= g(t)gﬁw+f(t)gglu - f(t)D“(g) +g(t)D“(f)

_ i IOf (e ) — f@®g(te™ )

&0 eg(Dg(te*™) B
_ i IOF (£e™) — f©g () + F(D9(©) — f(©)g(te™ ™)
8*0( - sg(t)g(t(e“ “))
- f(te ) - f® g(te™ ) —g®) 1
- (s O o i T i s
_ 9D*(f) = fD*(9)
gZ

The sixth item is proven in two different ways:
First Method:
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Assume that u = g(t) is differentiable at the point a > 0, and y = f(y) is differentiable at the point
b=g(a) >0.Lete>0,and Ay = f(be® ") — f(b),since be®® “=b +eb'"%+ 0(¢?) = b + Au,
whrer Au = eb~% + 0(£?)

We have the equation:

Ay = f(be™) = f) = 112 u) I® pu = DUF(b)du + £,4u (1)

where ¢, 4u — 0. If we set ¢, t0 0, then ¢, is a continuous function of Au.

Now, if At, is the increasing rate t, Au, Ay respectively (with the possibility that some may be zero),
then using equation (1), we can write:

Au = D%g(a)At + &,At where & -0 as A4t—-0
Ay = [Df(b) + &]du = [D*f (D) + &][D“g(a) + &,]4t  (2)
Now, taking At = € and 4t — 0, we have the fractional derivative of the composite function:

A
D(f o g)(@) = lim 2> = lim[D<f(b) + £,][D%g (@) + &,]
= D*f(1)D%g(@) = f*(g(@)D"g(@ (3)

Note that equation (2) can be written in the form of equation (1), and it is necessary to use the
derivative a in equation (2).
Second Method:

We derive the result by following a standard limit approach. To achieve this goal, on one hand, if the
function g is constant in an interval containing a, then D%(fog)(a) = 0. On the other hand, assume that
g is not constant in the neighborhood of a. In this case, we can find ¢, > 0 such that:

X1, X3 € (a — &y a + 50):g(x1) * g(xz)'

Now, since g is continuous at a, for every € > 0:
g(ae®™)) = f(g(®)
DE(f e g)(®) =lim ( )

(g(aesa a)) f(9(@) g(aem ) g(a)
m a
=0 g(ae® ™) — g(a)
i f(g(a)+81) flg@) g(ae™ ") - g()

&£-0 &

— lim f(g(a) + &) — flg(@) 1img(ae‘”_a) -9(@)

£1-0 & £-0 &

=f'(9(@)p*(g(@) , a>0

This is the basis for the chain rule:
Def(t) = lim
-0
242—

f<t+£t1'“+€ t

,€,€>0

flte* ™) - f®

o) = £

= lim
-0 &
£ t2 a

Take h = et?™% + ——
Then:

+ - —st1“[1+ + - ]Wherehs—>0

(fie+h) — f©) (fie+h) — F©)
h

h .
Def(t) = lim = lim —
“Op-af14 54| 2 e
t+h)—f(¢t af(t
e JEAD O L, 4O
-0 h dt

Corollary. Let a,n € R, a € (0,1) then the following holds:
DE(t") = nt™%, neR

D) =0, cE€R

D%(e™) = ax'"%e%, a€R

D%(sinbx) = bx'~%coshx, b €R

D%(cosbx) = —bx'"%sinbx, b € R

Gk W=
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6. D(t*)=1
Corollary. Lett > 0,a € (0,1], then the following holds:
1. D¢ (sinit“) = cosit“
2. D<* (cos%t“) = —sinit“
1.4 1,0
3. D“* (eEt ) = ed"
ae™) — f(a

Flaew) - f(a) = {2 T
+ lim [f(ae®™) = f(a)] = lim_M
ama gza—Za ama Szag—Zu

o0 +] =a+aa™+ o

~ shilng,h = aa @ + 0(¢?),a + h = ae™*

allrlrll_[f(a +h)—f(a)] = alir‘rll_w -lime = D% (a),0 =0

&-0
Thus, lim,_,,-f(a + h) = f(a), and therefore it is continuous at a.
Theorem [6]. Assume that f, g are differentiable at the point a, then:

- lime
&-0

+-=a+aa™®+0(e?)

ae™® =q [1 +aa ™+

1.D%[af + bg] = aD*(f) + bD*(g), a,b€ER
2.D%(r™)=nr"% neR
3.D%(c)=0, c€eR
4.0%(fg) = fgz((g)) + ggg((f))
S_Da(g):g f ng g
6.D%(f o g) = f'(g(t))g'(®)
7.00(p) = e« L)

Rolle’'s theorem and mean value theorem for fractional Derivative functions of Type of
Katugampola:
1. Rolle's theorem [9]. Letd > 0, f:[a, b] = R such that
(i) f is continuous on [a, b].
(i) f at a is differentiable on (a, b), and for some «a € (0,1), f(a) = f(b).
Then there exists ¢ € (a, b) such that D*(f)(c) = 0.
Example1. f(x) = x3 — x satisfies Roll's theorem for fractional differentiable functions of Katugampola
type on the interval [-1,1].
Because a € (0,1], D4f(x) = 3x37% — x17¢,

The map is differentiable, so it is continuous on R and this implies that f(x) is continuous on [-1,1]
and differentiable on (-1,1). In addition, f(—1) = f(1) = 0.
Thus, the function meets all Rule's theorem conditions on [-1,1] and so there exist
¢ € (—1,1) such that D%(f)(c) = 0. Now D¥(f)(c) =3c3 ¢ —c17® =0

1
=>c=0o0rc= i\/—g

Example2. The map f(x) = cosit“,a € (0,1] satisfies Rolle’s theorem conditions for fractional
1 1
derivative of Katugampola type hold’s on the interval [—oc(g)E ) a(g)E ].
Because: D“ (cosit“) = —sinit?, a € (0,1]
a a 1 1
= f(x) is differentiable = f(x) is continuous on R = f(x) is continuous on the interval [—a(g)a , a(g)a]
1 1 1 1
and differentiable on the interval (—a(g)a ,a()s) and f (—a(g)a) =f (a(g)a)
Thus f meets all Rolle’s theorem conditions on our interval and so there exists:

T 1 T 1
¢ € (~aG)e, a(x)7)
such that D*f(c) = 0 = DYf(x) = —sinit“ =0
1
S>5—t*=0=>t=0
a

The mean value theorem for fractional differentiable maps:
Theorem [6]. Let @ > 0, f:[a, b] — R satisfies:
1. f is continuous on [a, b],
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2. f is differentiable ata on (a, b),
for some « € (0,1), then there exists ¢ € (a, b) such that:

f(b) = f(a)
D)) = o
fb)-f(a) e
. . a
Proof. Let g(x) = f(x) — y with gradient T T
Then: y - f(a) = {2 (& -
Ly =+ St
So: g(x) = f(x) - (f(@) + f%,jﬁ_’;_&“) E-9

Now, we apply Rolle’s Conditions on g(x) over [a, b].
1. g(x) is continuous over [a, b].
2. g(x) is differentiable over [a, b] because

b) —
D@ = e - L@
a a 7 - 7
3 9@ =f(a) - f(@) +LPLD & -2 =
4 g) = f) — fla) - LDU@ =y
Therefore, there exists ¢ € (aa, l‘)x) such that:
b) —
pe(g)© = 0.04(p)(e) - LD _ g
(b) 7(_) “
pe(pe) = L1,
a a

3
Example (1): the map f(x)=2xz — 4+/x + 1 satisfies the mean value theorem on [1,4] for fractional
differentiable maps.

3
Because: x € (0,1) , D%f(x) = 3x2~ % — 2x%5~% The map f is differentiable and so it is continuous
on R so, f is continuous on [1,4] and differentiable on (1,4). This implies that there exists ¢ €
(1,4) such that:

b) — 9+1
pe(e) = LI Ar

a a a a
Takea=% = 3¢c-2=5 = c=§ € (1,4).
Definition [6]. Let « € (n,n + 1] for some n € N, and fis n-differentiable and t > 0. Then:
f@(te™™) = F™ (@)

€

Df(®) = lim
Provided the limit exists.
Theorem [6]. Let @ € (n,n + 1] for some n € N and fis (n+1)-differentiable and t >0. Then D*f(t) =
tn+1—af(n+1)(t)_
General Rolle’s theorem for fractional derivative.
Let f: [a,b] > R be a map. Satisfies the following:
1. f(7)is continuous on [ a, b]
2. D%f exists on (a, b] for some a € (n,n + 1], where a is a fractional derivative of katugampola’s type.
3. f™M(a) = f™(b).
Then there exists ¢ such that ¢ € (a,b) and D*f(c) = 0.
Proof. Let B = a —n, g(x) = f™(¢t), and fis n-differentiable. Then:

DEf(x) = t™Hi-af+D(y) = glratnetD ) = 1= (41 (y)
= P F() =690 = DPg(o).
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Now:

1) g(x) is continuous on [ a, b]
2) gis p-differentiable on (a, b), B € (0,1).
3) g(a)=g(b).

So, there exists ¢ € (a, b) such that Df g(c)=0 and this implies D%f(c) = 0.

Example: We show that f(x) = §x3 —%xz satisfies the general Rolle’s theorem conditions on [0, 1],
where ¢ = 1.5.

Since D1°f(x) = §3x3‘1-5 —%sz‘l-s, so fis differentiable on (0,1) for some € (1,2) and this implies f is

continuous on [0,1].
Moreover, D1f(0) = D'f(1) = 0 = there exists ¢ such that D**f(c) = 0.
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    D  𝛼 f  ( x ) =  1  𝛤  ( n − 1 )     d  n  d   x  n   ∫ 0 (     ( x − t )  n − 𝛼 − 1 f  ( t ) d t , n − 1 < 𝛼 < n


    D  𝛼 f  ( x ) =  {     1  𝛤  ( n − 𝛼 )   ∫ 0  x      f   ( n )  ( t )     ( x − t )  n − 𝛼 − 1 d t ,   n − 1 < 𝛼 < n   8       d  n f  ( x )  d   x  n                         ,   𝛼 = n


   [ 10 ] [ 11 ] .


   f : [ 0 , ( ) → ℝ


  f


  𝛼


    D  𝛼 f  ( t ) =  lim  𝜖 → 0   f  ( t + 𝜖   t  1 − 𝛼 ) − f  ( t )  𝜖 ,   ∀   t   (   0   ,   ( ∈  ( 0 , 1 )


  α ∈  ( n , n + 1 )


  n ∈ ℕ


  f


  α > 0


  𝛂


    D  𝛼 f  ( t ) =  lim  ( → 0     f   ( n )  ( t   e    ( t  n − ( ) −   f   ( n )  ( t ) (


    t   > 0


  𝛼 ∈  ( n , n + 1 )


  :  


   f :  ( a , + ∞ ) → ℝ


  x = a > 0


  𝛼 ∈  ( 0 , 1 )


  f


  x = a


  f : [ 0 , ∞ ) ( ℝ


    D ( f  ( t ) =  lim  ( → 0   f  ( t + (   t  1 − 𝛼 ) − f  ( t ) ( , ∀ t > 0 , 𝛼 ∈  ( 0 , 1 )


  𝛼 ∈  ( 0 , a )


   lim  t → 0   f (  ( t )


    f (  ( 0 ) =  lim  t → 0   f (  ( t )


  f


  x = a


  ( ∈ ( 0 , 1 ]


  f


  g


  x = a , t   (   0


    D  𝛼 [ a f + b g ] = a   D  𝛼  ( f ) + b   D  𝛼  ( g ) ,   a , b ∈ ℝ


    D  𝛼  (   t  n ) = n   t  n − 𝛼 ,   n ∈ ℝ


    D  𝛼  (   t  n ) = n   t  n − 𝛼 ,   n ∈ ℝ


    D  𝛼  ( c ) = 0 ,   c ∈ ℝ


    D  𝛼  ( c ) = 0 ,   c ∈ ℝ


    D  𝛼  ( f g ) = f   D  𝛼  ( g ) + g   D  𝛼  ( f )


    D  𝛼  ( f g ) = f   D  𝛼  ( g ) + g   D  𝛼  ( f )


    D  𝛼  (   f  g ) =   g   D  𝛼  ( f ) − f   D  𝛼  ( g )    g 2


    D  𝛼  (   f  g ) =   g   D  𝛼  ( f ) − f   D  𝛼  ( g )    g 2


    D  𝛼  ( f ∘ g ) =   f ′  ( g  ( t ) )   g ′  ( t )


    D  𝛼  ( f ∘ g ) =   f ′  ( g  ( t ) )   g ′  ( t )


    D  𝛼  ( f ) =   t  1 − 𝛼   d f  d t  ( t )


    D  𝛼  ( f ) =   t  1 − 𝛼   d f  d t  ( t )


    D  𝛼 [ a f + b g ] =  lim  ( → 0    ( a f + b g )  (   t e    ( t  − ( ) −  ( a f + b g )  ( t )  𝜀


  =  lim  ( → 0   a f  (   t e    ( t  − ( ) + b g  (   t e    ( t  − ( ) − a f  ( t ) − b g  ( t )  𝜀


  =  lim  ( → 0   a f  (   t e    ( t  − ( ) + b g  (   t e    ( t  − ( ) − a f  ( t ) − b g  ( t )  𝜀


  = a ⋅  lim  𝜀 → 0   f  (   t e    ( t  − ( ) − f  ( t )  𝜀 + b ⋅  lim  𝜀 → 0   g  (   t e    ( t  − ( ) − g  ( t )  𝜀 = a   D  𝛼  ( f ) + b   D  𝛼  ( g )


  = a ⋅  lim  𝜀 → 0   f  (   t e    ( t  − ( ) − f  ( t )  𝜀 + b ⋅  lim  𝜀 → 0   g  (   t e    ( t  − ( ) − g  ( t )  𝜀 = a   D  𝛼  ( f ) + b   D  𝛼  ( g )


    D  𝛼  (   t  n ) =  lim  𝜀 → 0     t  n   e    n ( t  − ( −   t  n ( =  lim  𝜀 → 0      ( t   e    n ( t  − ( )  n −   t  n (


  =   t  n  lim  𝜀 → 0     e    n ( t  − ( − 1 (


  =   t  n  lim  𝜀 → 0    [ 1 +   n ( t  − ( +       n 2  ( 2 t  − 2 (  2 ! + … ] − 1 (


          = t  n  lim  𝜀 → 0    [ +   n ( t  − ( +       n 2  ( 2 t  − 2 (  2 ! + … ] (   = t  n  lim  𝜀 → 0  [   n t  − ( +       n 2 ( t  − 2 (  2 ! + … ]


            = t  n n   t  − ( = n   t  n − (


            = t  n n   t  − ( = n   t  n − (


    D (  ( c ) =  lim  𝜀 → 0   c − c ( = 0


    D (  ( f g ) =  lim  𝜀 → 0   f  ( t   e    ( t  − ( ) g  ( t   e    ( t  − ( ) − f  ( t ) g  ( t ) ( =


  d > 0


   f : [ a , b ] → ℝ


  =  lim  𝜀 → 0   f  ( t   e    ( t  − ( ) g  ( t   e    ( t  − ( ) − f  ( t ) g  ( t   e    ( t  − ( ) + f  ( t ) g  ( t   e    ( t  − ( ) − f  ( t ) g  ( t ) ( =    lim ⁡  g  𝜀 → 0  ( t   e    ( t  − ( )     lim  𝜀 → 0   f  ( t   e    ( t  − ( ) − f  ( t ) ( +    lim ⁡  f  𝜀 → 0  ( t   e    ( t  − ( )     lim  𝜀 → 0   g  ( t   e    ( t  − ( ) − g  ( t ) ( = = g  ( t )     lim  𝜀 → 0   f  ( t   e    ( t  − ( ) − f  ( t ) ( + f  ( t )     lim  𝜀 → 0   g  ( t   e    ( t  − ( ) − g  ( t ) ( = f  ( t )   D  𝛼  ( g ) + g  ( t )   D  𝛼  ( f )  


  =  lim  𝜀 → 0   g  ( t ) f  ( t   e    ( t  − ( ) − f  ( t ) g  ( t   e    ( t  − ( )  ( g  ( t ) g  ( t   e    ( t  − ( )


  =  lim  𝜀 → 0   g  ( t ) f  ( t   e    ( t  − ( ) − f  ( t ) g  ( t ) + f  ( t ) g  ( t ) − f  ( t ) g  ( t   e    ( t  − ( )  ( g  ( t ) g  ( t   e    ( t  − ( )


  =  lim  𝜀 → 0   g  ( t ) f  ( t   e    ( t  − ( ) − f  ( t ) g  ( t ) + f  ( t ) g  ( t ) − f  ( t ) g  ( t   e    ( t  − ( )  ( g  ( t ) g  ( t   e    ( t  − ( )


  =    ( g  ( t )     lim  𝜀 → 0   f  ( t   e    ( t  − ( ) − f  ( t ) ( − f  ( t )     lim  𝜀 → 0   g  ( t   e    ( t  − ( ) − g  ( t ) ( )  lim  𝜀 → 0  1  g  ( t ) g  ( t   e    ( t  − ( )


  =    ( g  ( t )     lim  𝜀 → 0   f  ( t   e    ( t  − ( ) − f  ( t ) ( − f  ( t )     lim  𝜀 → 0   g  ( t   e    ( t  − ( ) − g  ( t ) ( )  lim  𝜀 → 0  1  g  ( t ) g  ( t   e    ( t  − ( )


                      =   g   D  𝛼  ( f ) − f   D  𝛼  ( g )    g 2


                      =   g   D  𝛼  ( f ) − f   D  𝛼  ( g )    g 2


  u = g  ( t )


  a > 0


    y = f  ( y )


  b = g  ( a ) > 0


  𝜀 > 0


  𝛥 y = f  ( b   e    ( b  − ( ) − f  ( b )


  s i n c e     b   e    ( b  − ( = b + 𝜀   b  1 − ( + O  (   𝜀 2 ) = b + 𝛥 u   ,


  whrer   𝛥 u = 𝜀   b  1 − ( + O  (   𝜀 2 )    


  𝛥 y = f  ( b   e    ( b  − ( ) − f  ( b ) =   f  ( b   e    ( b  − ( ) − f  ( b )  𝛥 u 𝛥 u =   D 1 f  ( b ) 𝛥 u +   𝜀 1 𝛥 u  


     𝜀 1 , 𝛥 u → 0


    𝜀 1


    𝜀 1


  𝛥 u


  𝛥 t ,


  t , 𝛥 u , 𝛥 y


   𝛥 u =   D  𝛼 g  ( a ) 𝛥 t +   𝜀 2 𝛥 t   where     𝜀 2 → 0   as   𝛥 t → 0


  𝛥 y =  [   D  𝛼 f  ( b ) +   𝜀 1 ] 𝛥 u =  [   D  𝛼 f  ( b ) +   𝜀 1 ]  [   D  𝛼 g  ( a ) +   𝜀 2 ] 𝛥 t    ( 2 )


  𝛥 y =  [   D  𝛼 f  ( b ) +   𝜀 1 ] 𝛥 u =  [   D  𝛼 f  ( b ) +   𝜀 1 ]  [   D  𝛼 g  ( a ) +   𝜀 2 ] 𝛥 t    ( 2 )


  𝛥 t = 𝜀


   𝛥 t → 0


    D  𝛼  ( f ∘ g )  ( a ) =  lim  𝛥 t → 0   𝛥 y  𝛥 t =  lim  𝜀 → 0  [   D  𝛼 f  ( b ) +   𝜀 1 ]  [   D  𝛼 g  ( a ) +   𝜀 2 ]


  =   D  𝛼 f  ( b )   D  𝛼 g  ( a ) =   f  𝛼  ( g  ( a ) )   D  𝛼 g  ( a )    ( 3 )


  =   D  𝛼 f  ( b )   D  𝛼 g  ( a ) =   f  𝛼  ( g  ( a ) )   D  𝛼 g  ( a )    ( 3 )


  𝛼


  g


  a


    D  a  ( f o g )  ( a ) = 0


  g


  a


    𝜀 0 > 0


    x 1 ,   x 2 ∈  ( a −   𝜀 0 , a +   𝜀 0 ) ,   g (   x 1 ) ≠ g (   x 2 )


  g


  a


  𝜀 > 0


    D  𝛼  ( f ∘ g )  ( t ) =  lim  𝜀 → 0   f  ( g  ( a   e    𝜀 a  − ( ) ) − f  ( g  ( t ) )  𝜀


  =  lim  𝜀 → 0   f  ( g  ( a   e    𝜀 a  − ( ) ) − f  ( g  ( a ) )  g  ( a   e    𝜀 a  − ( ) − g  ( a ) ⋅   g  ( a   e    𝜀 a  − ( ) − g  ( a )  𝜀


  =  lim  𝜀 → 0   f  ( g  ( a   e    𝜀 a  − ( ) ) − f  ( g  ( a ) )  g  ( a   e    𝜀 a  − ( ) − g  ( a ) ⋅   g  ( a   e    𝜀 a  − ( ) − g  ( a )  𝜀


  =  lim  𝜀 → 0   f  ( g  ( a ) +   𝜀 1 ) − f  ( g  ( a ) )    𝜀 1 ⋅   g  ( a   e    𝜀 a  − ( ) − g  ( a )    𝜀      ,   𝜀 1 , 𝜀 > 0


  =  lim  𝜀 → 0   f  ( g  ( a ) +   𝜀 1 ) − f  ( g  ( a ) )    𝜀 1 ⋅   g  ( a   e    𝜀 a  − ( ) − g  ( a )    𝜀      ,   𝜀 1 , 𝜀 > 0


  =  lim    𝜀 1 → 0   f  ( g  ( a ) +   𝜀 1 ) − f  ( g  ( a ) )    𝜀 1 ⋅  lim  𝜀 → 0   g  ( a   e    𝜀 a  − ( ) − g  ( a )  𝜀


  =  lim    𝜀 1 → 0   f  ( g  ( a ) +   𝜀 1 ) − f  ( g  ( a ) )    𝜀 1 ⋅  lim  𝜀 → 0   g  ( a   e    𝜀 a  − ( ) − g  ( a )  𝜀


  =   f ′  ( g  ( a ) )   D  a  ( g  ( a ) )   ,   a > 0


  =   f ′  ( g  ( a ) )   D  a  ( g  ( a ) )   ,   a > 0


    D  a f  ( t ) =  lim  𝜀 → 0   f  ( t   e    𝜀 t  − ( ) − f  ( t )  𝜀


  =  lim  𝜀 → 0   f  ( t + 𝜀   t  1 − 𝛼 +     𝜀 2   t  2 − 𝛼  2 ! + … ) − f  ( t )  𝜀


  =  lim  𝜀 → 0   f  ( t + 𝜀   t  1 − 𝛼 +     𝜀 2   t  2 − 𝛼  2 ! + … ) − f  ( t )  𝜀


  Take   h = 𝜀   t  1 − 𝛼 +     𝜀 2   t  2 − 𝛼  2 ! + … = 𝜀   t  1 − 𝛼  [ 1 +   𝜀 t  2 ! + … ]


    h , 𝜀 ( 0


    D  a f  ( t ) =  lim  𝜀 → 0      ( f  ( t + h ) − f  ( t ) ) h    t  1 − (  [ 1 +   ( t  2 ! + … ] =  lim  𝜀 → 0      ( f  ( t + h ) − f  ( t ) ) h    t  1 − (


  =   t  1 − 𝛼 ⋅  lim  𝜀 → 0   f  ( t + h ) − f  ( t ) h =   t  1 − 𝛼 ⋅   d f  ( t )  d t


  =   t  1 − 𝛼 ⋅  lim  𝜀 → 0   f  ( t + h ) − f  ( t ) h =   t  1 − 𝛼 ⋅   d f  ( t )  d t


  a , n ∈ ℝ , 𝛼 ∈  ( 0 , 1 )


    D  𝛼  (   t  n ) = n   t  n − 𝛼 ,   n ∈ ℝ


    D  𝛼  ( c ) = 0 ,   c ∈ ℝ


    D  𝛼  ( c ) = 0 ,   c ∈ ℝ


    D  𝛼  (   e  a x ) = a   x  1 − 𝛼   e  a x ,   a ∈ ℝ


    D  𝛼  (   e  a x ) = a   x  1 − 𝛼   e  a x ,   a ∈ ℝ


    D  𝛼  ( sin b x ) = b   x  1 − 𝛼 cos b x ,   b ∈ ℝ


    D  𝛼  ( sin b x ) = b   x  1 − 𝛼 cos b x ,   b ∈ ℝ


    D  𝛼  ( cos b x ) = − b   x  1 − 𝛼 sin b x ,   b ∈ ℝ


    D  𝛼  ( cos b x ) = − b   x  1 − 𝛼 sin b x ,   b ∈ ℝ


    D  𝛼  (  1  𝛼   t ( ) = 1


  t > 0 , 𝛼 ∈ ( 0 , 1 ]


    D  𝛼  ( sin  1  𝛼   t ( ) = cos  1  𝛼   t (


    D  𝛼  ( cos  1  𝛼   t ( ) = − sin  1  𝛼   t (


    D  𝛼  ( cos  1  𝛼   t ( ) = − sin  1  𝛼   t (


    D  𝛼  (   e   1  𝛼   t ( ) =   e   1  𝛼   t (


    D  𝛼  (   e   1  𝛼   t ( ) =   e   1  𝛼   t (


  f  ( a   e  a x ) − f  ( a ) =   f  ( a   e  a x ) − f  ( a )  𝜀


  ∵  lim  a →   a +  [ f  ( a   e  a x ) − f  ( a ) ] =  lim  a →   a −   f  ( a   e  a x ) − f  ( a )  𝜀 ⋅  lim  𝜀 → 0 𝜀


  ∵  lim  a →   a +  [ f  ( a   e  a x ) − f  ( a ) ] =  lim  a →   a −   f  ( a   e  a x ) − f  ( a )  𝜀 ⋅  lim  𝜀 → 0 𝜀


  a   e  a x = a  [ 1 + 𝛼   a  − a +     𝜀 2   a  − 2 a  2 ! + …   ] = a + 𝛼   a  − a +     𝜀 2   a  − 2 a  2 ! + ⋯ = a + 𝛼   a  − a + O  (   𝜀 2 )


  a   e  a x = a  [ 1 + 𝛼   a  − a +     𝜀 2   a  − 2 a  2 ! + …   ] = a + 𝛼   a  − a +     𝜀 2   a  − 2 a  2 ! + ⋯ = a + 𝛼   a  − a + O  (   𝜀 2 )


  ∴ shilng , h = 𝛼   a  − a + O  (   𝜀 2 ) , a + h = a   e  a x


  ∴ shilng , h = 𝛼   a  − a + O  (   𝜀 2 ) , a + h = a   e  a x


   lim  a →   a −  [ f  ( a + h ) − f  ( a ) ] =  lim  a →   a −   f  ( a   e  a x ) − f  ( a )  𝜀 ⋅  lim  𝜀 → 0 𝜀 =   D  𝛼 f  ( a ) , 0 = 0


   lim  a →   a −  [ f  ( a + h ) − f  ( a ) ] =  lim  a →   a −   f  ( a   e  a x ) − f  ( a )  𝜀 ⋅  lim  𝜀 → 0 𝜀 =   D  𝛼 f  ( a ) , 0 = 0


   lim  a →   a − f  ( a + h ) = f  ( a )


  a .


  𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦   [6] .


  f , g


  a


  1 .   D  𝛼 [ a f + b g ] = a   D  𝛼  ( f ) + b   D  𝛼  ( g ) ,   a , b ∈ ℝ


  2 .   D  𝛼  (   r  n ) = n   r  − 𝛼 ,   n ∈ ℝ


  2 .   D  𝛼  (   r  n ) = n   r  − 𝛼 ,   n ∈ ℝ


  3 .   D  𝛼  ( c ) = 0 ,   c ∈ ℝ


  3 .   D  𝛼  ( c ) = 0 ,   c ∈ ℝ


  4 .   D  𝛼  ( f g ) = f   D  𝛼  ( g ) + g   D  𝛼  ( f )


  4 .   D  𝛼  ( f g ) = f   D  𝛼  ( g ) + g   D  𝛼  ( f )


  5 .   D  𝛼  (   f  g ) =   g   D  𝛼  ( f ) − f   D  𝛼  ( g )    g 2


  5 .   D  𝛼  (   f  g ) =   g   D  𝛼  ( f ) − f   D  𝛼  ( g )    g 2


  6 .   D  𝛼  ( f ∘ g ) =   f ′  ( g  ( t ) )   g ′  ( t )


  6 .   D  𝛼  ( f ∘ g ) =   f ′  ( g  ( t ) )   g ′  ( t )


  7 .   D  𝛼  ( f ) =   t  − 𝛼   d f  d t  ( t )


  7 .   D  𝛼  ( f ) =   t  − 𝛼   d f  d t  ( t )


  f


  [ a , b ]


  f


  𝛼


   ( a , b )


  𝛼 ∈  ( 0 , 1 ) ,


  f  ( a ) = f  ( b )


  c ∈  ( a , b )


    D  𝛼  ( f )  ( c ) = 0


  f  ( x ) =   x 3 − x


  𝛼 ∈ ( 0 , 1 ]


    D  𝛼 f  ( x ) = 3   x  3 − 𝛼 −   x  1 − 𝛼


  ℝ


  f  ( x )


  f  ( − 1 ) = f  ( 1 ) = 0


  c ∈  ( − 1 , 1 )


    D  𝛼  ( f )  ( c ) = 0


    D  𝛼  ( f )  ( c ) = 3   c  3 − 𝛼 −   c  1 − 𝛼 = 0


  c = 0   o r   c =   ±  1   3


  f  ( x ) = c o s  1 (   t (   , 𝛼 ∈ ( 0 , 1 ]  


    (  ( 2 )   1 (   ,     ( (  ( 2 )   1 (  


    D  𝛼  ( cos  1  𝛼   t ( ) = − sin  1  𝛼   t (   ,   𝛼 ∈ ( 0 , 1 ]


  f  ( x )   i s  


  f  ( x )


  ℝ


  f  ( x )


    [ − 𝛼 (  ( 2 )   1 (   ,     ( (  ( 2 )   1 (  


   ( − (   (  ( 2 )   1 (   ,     ( (  ( 2 )   1 ( )


  f  ( − (   (  ( 2 )   1 ( ) = f  ( (   (  ( 2 )   1 ( )


  f  


  c ∈  ( − (   (  ( 2 )   1 (   ,     ( (  ( 2 )   1 ( )


    D  𝛼 f  ( c ) = 0


   ⇒   D  𝛼 f  ( x ) = − sin  1 (   t  𝛼 = 0


   ⇒  1  𝛼   t  𝛼 = 0 ⇒ t = 0


  𝛼 > 0


   f : [ a , b ] → ℝ


  f


  [ a , b ]


  f


  𝛼


   ( a , b )


  ( ∈  ( 0 , 1 )


  c ∈  ( a , b )


    D  𝛼  ( f )  ( c ) =   f  ( b ) − f  ( a )      b  𝛼 ( −     a  𝛼 (


  g  ( x ) = f  ( x ) − y


    f  ( b ) − f ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼


  y − f  ( a ) =


    f  ( b ) − f ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼


  (     x  𝛼  𝛼 −     a  𝛼  𝛼 )  


  (   y = f  ( a ) +


    f  ( b ) − f ( a )      b  𝛼    a  𝛼 −       a  𝛼  𝛼   .   (     x  𝛼  𝛼 −     a  𝛼  𝛼 )  


  g  ( x ) = f  ( x ) − ( f  ( a ) +


      f  ( b ) − f ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼   .   (     x  𝛼  𝛼 −     a  𝛼  𝛼 )


  g  ( x )


   [ a , b ] .


  g  ( x )


   [ a , b ] .


  g  ( x )  


   [ a , b ]


    D  x  ( g )  ( x )   =           D  𝛼  ( f )  ( x )     −     f  ( b ) − f ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼   .


  g  ( a ) =  f  ( a )   − f  ( a ) +   f  ( b ) − f ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼   .   (     a  𝛼  𝛼 −     a  𝛼  𝛼 )   = 0


  g  ( b ) =  f  ( b )   − f  ( a ) −   f  ( b ) + f ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼   .   (     b  𝛼  𝛼 −     a  𝛼  𝛼 )   = 0


  g  ( b ) =  f  ( b )   − f  ( a ) −   f  ( b ) + f ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼   .   (     b  𝛼  𝛼 −     a  𝛼  𝛼 )   = 0


  ∈ ( a , b )


    D  𝛼  ( g )  ( c ) = 0 .     D  𝛼  ( f )  ( c ) −     f  ( b ) − f ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼 = 0


    D  𝛼  ( f )  ( c ) =     f  ( b ) − f  ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼 .  


    D  𝛼  ( f )  ( c ) =     f  ( b ) − f  ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼 .  


    2 x   3 2 − 4  x + 1  


  ∝   ∈  ( 0   ,   1 )     ,       D  𝛼 f  ( x ) = 3   x   3 2 − 𝛼   −     2   x  0 . 5 − 𝛼


  f


  ℝ


  f


  c ∈  ( 1 , 4 )    


    D  𝛼  ( f )  ( c )   =       f  ( b ) − f  ( a )      b  𝛼  𝛼 −       a  𝛼  𝛼   =       9 + 1     4  𝛼  𝛼 −      1  𝛼  𝛼


  𝛼 =  1 2


  c =  7 3


  ∈ ( 1 , 4 )


  𝛼 ∈ ( n , n + 1 ]


  n ∈ ℕ


    D  𝛼 f  ( t ) =  lim  ( → 0     f   ( n )  ( t   e    ( t  n − ( ) −   f   ( n )  ( t ) (


  𝛼 ∈ ( n , n + 1 ]


  n ∈ ℕ


    D  𝛼 f  ( t ) =   t  n + 1 − 𝛼   f   ( n + 1 )  ( t ) .  


  ℝ


    D  𝛼 f


  𝛼 ∈ ( n , n + 1 ]


  𝛼


    f   ( n ) ( a )


    f   ( n ) ( b )


    c ∈  ( a , b )


    D  𝛼 f  ( c ) = 0


  𝛽 = 𝛼 − n


    f   ( n ) ( t )


    D  𝛼 f  ( x ) =   t  n + 1 − 𝛼   f   ( n + 1 )  ( x ) =     t  1 − 𝛼 + n   f   ( n + 1 )  ( x ) =     t  1 − 𝛽   f   ( n + 1 )  ( x )  


  =     t  1 − 𝛽   d  d x   f   ( n )  ( x ) =   t  1 − 𝛽   g ′  ( x ) =       D  𝛽 g ( x )


  𝛽


  𝛽   ∈  ( 0 , 1 )


  g ( a )


  g ( b )


  c ∈  ( a , b )


    D  𝛽 g ( c )


    D  𝛼 f  ( c ) = 0


   1 3   x 3 −  1 2   x 2


  𝛼 = 1 . 5


    D  1 . 5 f  ( x ) =


   1 3   3 x  3 − 1 . 5 −  1 2   2 x  2 − 1 . 5


  ∈ ( 1 , 2 )


    D 1 f  ( 0 ) =   D 1 f  ( 1 ) = 0       (     there   exists     c


    D  1 . 5 f  ( c ) = 0

